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Quaternions  
 

 The quaternions, denoted by H, are defined to be the 
set of all numbers t=a+bi+cj+dk 

   where i,j, and k satisfies i^2=j^2=k^2= -1, ijk= -1. 
 H is homoemophirphic to R4. 
 H form a non-commutitive division algebra. 
 The set of unit quaternions (a^2+b^2+c^2+d^2=1) is a 

3 sphere in H. This unit sphere is topologically the 
same as S3. 

 Hence, S3 can be considered a group under 
quaternion multiplication. 

 Like S1, S3 can be used to talk about rotation.  



Quaternions 

 A quaternion t of absolute value 1 has a real 
part cos(x) and an “imaginary part” of the 
absolute value of sin(x), othrogonal to the 
real part and hence in Ri+Rj+Rk. 

                  t=cos(x)+u sin(x) 
 
where u is a unit vector in Ri+Rj+Rk. 



Quaternions 



SU2 

    
 A general matrix element of SU2 takes the form 
 
 
 Consider the map 

 
 
 
 



SU2 

 Consider C2 as R4 and M(C,2) as R8. 
 This map is injective real linear map and 

hence an embedding. Now considering the 
restriction of on S3, since the domain is 
compact and since the range is Hausdorff, 
then this restriction is actually a 
homeomorphism. 

 



SU2 

 Topology Structure 
 

1. SU2 is path connected 
2. SU2 is compact 
3. SU2 is a Lie group 

 
 



SO(3)  
 

 Set Definition 
 
 

 Group Structure 
 

1. It is a group under product of linear transformation 
2. Any element of SO(3) preserves length orientation. 
3. It is non-abelian. 
4. Every element of SO(3) is rotation by some 

angel θ in [0,π] around some unit vector u. 
 



SO(3) 

 Topology Structure 
1. SO(3) has a Lie group structure. 
2. The ball with antipodal surface points, 

identified RP(3) is a smoothmanifold, and 
this manifold is diffeomorphic to the SO(3). 

3. SO(3) is path connected. 
4. SO(3) not simply connected. The 

fundamental group of SO(3) is Z2. 
5. SO(3) is compact. 



SO(3) and SU(2) 



SO(3) and SU(2) 



SO(3) and SU(2) 

 
 

 The map F is the same topologically as the 
map from S3 to SO(3) that maps x and –x in 
S3 to one point in SO(3). Hence SO(3) is 
homeomorphic to RP3. 



SO(3) 

 Topology Structure 
1. The universal cover of SO(3) is a Lie group is 

isomorphic to the SU(2). 
2. The universal cover of SO(3) diffeomorphic to the 

unit S3 and can be understood as the group of unit 
quaternion. 

3. The map from S3 onto SO(3) that identifies 
antipodal points of S3 is a surjective 
homomorphism of Lie groups, with kernal {±1}. 
Topologically, this map is a two-to-one covering 
map.  

 



     Lie Algebras of SU2 and SO3 

 
 

Remember that 
 

exp(Lie Algebra)=Lie Group 



Lie Algebra of SU2 



Lie Algebra of SU2 

 The space Ri+Rj+Rk mapped onto SU(2) by the 
exponential function is the tangent space at 1 of 
SU(2), just as the line Ri is the tangent line at 1 of the 
circle SO(2).  
 

 The three-dimensional space Ri+Rj+Rk is the tangent 
space of the 3-sphere S3 = SU(2) at the identity 
element. 
 
 



Lie Algebra of SU2 

 
 The cross product on R3 is the same as the 

Lie bracket on Ri+Rj+Rk. 
 
 

The Lie algebra of SU2 is basically R3 
equipped with the cross product structure 



Lie Algebra of SU2 



Lie Algebra of SO3 



Lie Algebra of SO3 

 
 From the map from SU2 to SO3 we can 

conclude that the tangent space at I of SO(3) 
is R3. 

 
 

The Lie algebra of SU2 is basically R3 
equipped with the cross product structure 

 



Summary 

 The Lie Algebras of SU(2) and SO(3) are 
isomorphic 

  This means that SU(2) and SO(3) are LOCALLY 
      “the same”. 
 This DOES NOT mean that SU(2) and SO(3) are 
      “the same”. 
 SU(2) is actually a double cover of SO(3) and there 

is a 2→1 surjective  Lie group homomorphism from 
SU(2) to SO(3) . 

 How SO(3) representations are related to 
representations of its double-cover SU(2)? 
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SU(2) Representation 



SU(2) Representation 

 
 



SU(2) Representation 



Fourier Analysis on S3 



SO(3) Representation 



Thank You 
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