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Any tame oriented link L in 3-space may be represented by a pair (b,n).
where b 1s an element of the n-string braid group B,,.

The link L is obtained by closing b
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The problem with Alexander’s theorem is that many differnet braids can give us the same knot.
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Markov's theorem

b and b give equivalent links <= b and b’ are related by

conjugation

stabihization




Link invariants

Alexander’s and Markov’s theorems can be used to define link invariants.




The enhanced Yang-Baxter operator

V: a N-dimensional vector space over C.
R: V&V —=V®V (R-matrix), u: V — V: isomorphisms

a, b: non-zero complex numbers.
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V: a N-dimensional vector space over C.
R: V&V —=V®V (R-matrix), u: V — V: isomorphisms

a, b: non-zero complex numbers.

A quadruple (R, yt,a,b) is called an enhanced Yang-Baxter operator if it satisfies the
following:
(1) (ReIdy)(Idy ®R)(R®Idy) = (Idy ®R)(R ® Idy )(Idy ®@R),

(2) Rp@p) = (@ p)R,
(3) Trs (Ril(ldv @p‘.)) = ﬂilbldv.




The enhanced Yang-Baxter operator

Here Tri: End(V®F) — End(V®*—1) is defined by
N—-1 o _ |
Tre(f)(es @€y - Qe ) 1= Z fg:,,zj::,,;ik__llj (€5, ®€j, ®- - -®ej,_, ®ej)
Jisd2sesJk—1,3=0
where f € End(V®¥) is given by
N—-1 o |
fley®ei® - @ei)= Y [l e ®ep @ ®ej,)
JisJ24., k=0

and {eg.eq1,....en—_1} 18 a basis of V.



A representation for the braid group

We will define a representation for the braid group.
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We will define a representation for the braid group.

B, — Aut(V®")

g, into R, for i=1,...,n—1

VRV ViV

Replace K with vﬁv,an /\v with viv

VvV VXV



We will define a representation for the braid group.

B, — Aut(V®"

g, into R, for i=1,...,n—1

\ V)V V'V
Replace */\ with vﬁv and /\v with viv
IV V' @V

n-braid 3 = homomorphism &(3): V& — Vy«n




Example
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Example




Example

O(oy05 "or05 ") = (R@1dy ) (Idy @R™)(R @ Idy ) (Idy @ R™1)



Trace invariant

n-braid 7 = a link L.

TR o) (L) = a* ) b=nTr, (Trg(- (Trn (B(B)®™)) - - - ))
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Example
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J109 10’10'2 =

= (ReIdy)(Idy @ R~ (R @ 1dy)(Idy @ R (1t @ pu @ )
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Example

(R@Idy)(Idy @ R~ (R@1dy)(Idy @ R 1) (1 @ u @ p)
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Example
(R
(R
(RoIdy)(Idy @R~ (Reldy)(Idy @R D (peopueu) = a wBp—nx IEI.
(R
65 W W

w(oyos ooy ) =4+1—-14+1-1=0




Example
(R
(R
(ReIdy)(Idy @R (R Idy)(Idy @R (@ ueop) = avBpnx IEI.
(R
65 W W

N

= b2 Try (Tra(Trs((R @ Idy ) (Idy @ R™Y)(R @ Idy ) (Idy @ R (1 @ @ p))))




(R®Idy)(Idy @R~ (R®@Idy)(Idy @R Hpopeop) = a wBp—nx

= b2 Ty (Tro(Trs((R @ Idy ) (Idy @ R™H)(R @ Idy ) (Idy @R (@ p @ 1))

And this expression is T(R:;L,a:b)(glgg_lglgg_l)



Lin! invariant

Theorem (Turaev) If 3 and 3’ present the same link, then Tg . q5(3) = Try.ab(B)
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Precise Definition of the Colored Jones Polynomial

V.=CcVN
{eo,e1,..., en—_1} is the standard basis of V

R:VV-asVeV

N-1
Rer ® e) := Z Rpje; ® ej,
i,i=0
y min(N—1—1i,5) {l}'{N 1 k}'
Bigi= 2, SO Gy

m=0

> q(i—(N ~1)/2) (§—(N—1)/2) —m(i—j)/2—m(m+1)/4

k]
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Precise Definition of the Colored Jones Polynomial

V.=CcVN
{eo,e1,..., en—_1} is the standard basis of V

R:VV-asVeV

N-1
Rer ® e) := Z Rpje; ® ej,
i,i=0
y min(N—1—1i,5) {l}'{N 1 k}'
Bigi= 2, SO Gy

m=0

> q(i—(N—l}ﬁ) (i-(v-1)/2) —m(i—j)/’Q—m(m+1),j4’
{m} = qmﬁ_q—mh and {m} ={1}{2}---{m}
V=V
N-1
ﬂ(e.}") = E u}ei
i=0

“; — éé,jq(Q-;‘—N—|—1)/2.



Precise Definition of the Colored Jones Polynomial
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Precise Definition of the Colored Jones Polynomial

(R. s, q(Nz_l)/“, 1) gives an enhanced Yang—Baxter operator

In(L; q) = T(quiﬂz—l)ﬂj)(K) X % colored Jones polynomial




Example: Figure-eight knot (C. Armond)

Ji(N) = q(l—N) Z_ Z (:) qﬂ+k(k+1)[H(1 _ qJ_N)][]_:I(l _ qk+i—N)]

where (:) 1s the g-binomial coefficient
g

k—1

n _]i[l—qﬂ'_i
(k)q Dl_qH_

i=




An Introduction to the Volume Conjecture, by Hitoshi Murakami,
2010



Thank You
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