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Any tame oriented link L in 3-space may be represented by a pair (b,n),
where b 1s an element of the n-string braid group B,,.

The link L is obtained by closing b
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The problem with Alexander’s theorem is that many differnet braids can give us the same knot.
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Markov's theorem

b and b give equivalent inks <= b and b’ are related by

conjugation

stabilization




Link invariants

Alexander’s and Markov’s theorems can be used to define link invariants.
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polynomials for example), and functions .J,, : B,, — R from the n-strand braid
group to the ring R, defined for each n = 2,3,4, ...
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Suppose that we are given a commutative ring R (polynomials or Laurent
polynomials for example), and functions .J,, : B,, — R from the n-strand braid
oroup to the ring R, defined for each n = 2,3,4,... Then the Markov theo-
rem assures us that the family of functions {.J,} can be used to construct link
invariants if the following conditions are satisfied:

(1) If b and 0" are equivalent braid words, then J,,(b) = J,(b"). (This is just
another way of saying that .J, is well-defined on B,,)
(2) If g,b € B,,, then J,(b) = J,,(gbg™1).

(3)If b € B,,, then there is a constant a € R, independent of n, such that

Jns1(boy) = aTrJ,(b)
Tni1(boyt) = a=tJn(b)



Link invariants

Let { J, : B, — R} be given with properties 1,2 and 3. For any link L, let
L = b, be B, via Alexander’s theorem. If we define J(L) € R via the formula

J(L) =a=*® J,(b)

Then J(L) is a link invariant.




Link invariants

Artin’s presentation of the braid group is on the generators oy, 09, ..., 0,_1 with the relations

0,0; = 0;0; if [i —j] = 2

J
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Link invariants

Artin’s presentation of the braid group is on the generators oy, 09, ..., 0,_1 with the relations
Tidi10; = Ti110i0i411 for 1 E 1 E n—2
J‘igj = Jja'i if |‘E- —j| :2 2

Consider the finite-dimensional algebras A(n,7) generated by an identity 1
and n projections eq.es.... .e,_1 and satisty the relations

(1) €] = e

(2) eieix1e; = Te;

(3) €€; = €€ |‘.E — jl 2 2

Here 7 is a complex number. Wenzl showed that such an algebra exists when
2w
T is either real and positive or et % for some k = 3,4,5, ...



Trace operator

There exists a collection of C' linear maps tr,, : A,, — C completely deter-
mined by

(1) tr(1) =1

(2)tr(ab) = tr(ba)

(3)tr(wens1) = tr(w) for w € Apa




A representation for the braid group in A'nk

B, — A,

g, — pn(O'z') :a.lA—I—bei




A representation for the braid group

B, — A,

g, — pn(O',,;) :a.lA—I—be,,;

where a and b are chosen so that p is a well defined representation, i.e.,
(1) a.14 + be; is a unit in the algebra A(n,T)

(2)pp(oic™") =1

(2) po(0i05) = po(aios)

(3) pn(0idit10:) = py(oi+ 10i0i41)




Pn tr
B, - A, — C

B = p,(B)—=tr(p,(B))

Up to normalization this is a knot invariant. The Jones polynomial.
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Those generators satisty the relations
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Consider the algebra, over the complex numbers, that 1s generared by an
identity 1 and the elements Ey.Fs.... .E,,_1 where E; 1s given by
12 i el

1 2 i i+l

Those generators satisty the relations

EE = JEE'._ EiEr::lEi = Ei and ELEJ = EJEL for |£— _,'I'| :_ 2.

This algebra is called the temperly-licb algebra and it is denoted by T'r(n, d).



Diagrammatic realization for A(n)

The temperly-lieb algebra Tr(n,d) and A(n,d _2) are isomorphic via the the
map that sends e; to %Ei




A representation for the braid group in the T.L. algebra
Define the map

Py Bn — Tr(n,d)

by the formulas:
pn(0i) = A(ly) + A7V E;
paloi ) = A7 (L,) + AE;

This is also a group representation.




A representation for the braid group in the T.L. algebra
Define the map

Py + Bn — Tr(n,d)

by the formulas:
pn(0i) = A(ly) + A7V E;
o) = A1 (1) + AFE,

This is also a group representation.

oo (DR = (B T (01




Define the map

0, + Bn — Tr(n,d)

by the formulas:
pn(0i) = A(ln) + AT E;
paloi ) = A7 (1) + AE;

This is also a group representation.

po (DR ) = A (s FUE W) e (DR 1)

K00 ()



The trace operator is in this case can be interpreted as the bracket polyno-
mial for ¢(p,,(3)) the closure of p, (/3) for some 8 in B,,. The existence of this
trace operator now follows from the existence of the bracker polynomial

So we have the usual Jones-Kauffman polynomial

Tr(A) = (=A%)7F) < e(p,(8)) >



Jones polynomial via R matrices
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1 0 0 0] 1 0 0 0]
o o vt o _ 0 1-1 L o
BR=1lo v 1-¢t o Rl=0_% o
0 0 0 1] 0 0 0 1]
Define
. / 1
b, : B, — M (2", Z]\/t, 7))

(/()R(O'ET) = Ig X ... X IQ & Re X IQ...IQ

The usual trace of this rep is not knot invariant. However this can be fixed



Jones polynomial via R matrices

Let

-30)

Denote ;1 ® ... @ p by u®™ then p®™ is a 2™ x 2"

tr(p®") = (1+1)"




b+ By — M(2",Z[VE, Z])

(/)n(O";) — IZ X ... ¥ IQ X R* X 12[2

t%(e(,ﬁ)—n—l—l)

J(B) = = tr (¢, (B)™")

The latter function is the Jones polynomial



The enhanced Yang-Baxter operator

V: a N-dimensional vector space over C.
R: V&V —=VxV(R-matrix), u: V — V: isomorphisms

a, b: non-zero complex numbers.




The enhanced Yang-Baxter operator

V: a N-dimensional vector space over C.
R: V&V —=VxV(R-matrix), u: V — V: isomorphisms

a, b: non-zero complex numbers.

A quadruple (R, i1, a,b) is called an enhanced Yang-Baxter operator if it satisfies the
following:
(1) (R®Idy)(Idy @R)(R ® Idy) = (Idy @ R)(R @ Idy )(Idy @ R),

(2) Rp@p) = (p® pR,
(3) Tro (Ril(ldv @}L)) = ﬂilbldv.




The enhanced Yang-Baxter operator

Here Try: End(V®F) — End(V®®*—1)) is defined by
N-1
Trg(f) (e @iy -+ ®es_y) == D FL (e, @ep@: Qe ®cj)
J15J25+--3Jk—1,7=0
where f € End(V®¥) is given by
N—1
flew @en®@---Qey) = > fllll(e; @ejp @ ®ey)

jl :j2 :"':jk:[}

and {eg.eq1.....en—_1} 18 a basis of V.
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We will define a representation for the braid group.

B, — Aut(V®")

o, into R, for i=1,...,n—1

Vel VRV

Replace v\/\v with ;ﬁ’ and v/\’ with viv

Vel VeV



We will define a representation for the braid group.

B, — Aut(V®"

o, into R, for i=1,...,n—1

\ V & V V &V
Replace v/\v with ;ﬁ’ and v/\’ with viv
VoV VoV

n-braid 5 = homomorphism &(/3): V@" — yen
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Example

O(ay0; tor0y ") = (R@1dy ) (Idy @R (R @ Idy ) (Idy @ R™1)



Trace invariant

n-braid 3 = a link L.

T(Ryab)(L) = a0 p=n T, (Tr2 (- (Trn (D(B)EM)) - - ))
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Example

= (R@Idy)(Ildy ® R~ (R @ Idy)(Idy @ R~ (p @ pp @ )

A
P
)
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(R@1dy)(Idy ® R (R@1dy)(Idy @ R 1) (1 @ p @ p)
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Example
(R
(R
(ReIdy)Idy @R~ (R@Idy)(Idy @R D (pepep) = a wBpnx ﬂ.
(R
65 W

N

= b2 Try (Tra(Tra((R @ Idy)(Idy @ R (R @ Idy)(Idy @ R~ (p @ p @ 1))




(R Idy)(Idy @R ) (R@Idy)(Idy @R Y (popop) = a wBp—nx

= b2 Ty (Tro(Trs((R @ Idy ) (Idy @ R™H)(R@ Idy)(Idy @ R™H(p @ p @ p))))

And this expression is T{R,n,a:b)(glgg_lglgg_l)



Lin! invariant

Theorem (Turaev) If 3 and ' present the same link, then Tg . a.5(3) = Try.ab(3)




An Introduction to the Volume Conjecture, Hitoshi
Murakami, 2010.



Thank You




