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Constructing the universal cover
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Curve lifting

A curve in the original surface can be lifted to the universal covering space
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Curve lifting

A curve in the original surface can be lifted to the universal covering space

A closed non-trivial loop can be lifted to an open path in the universal covering space

)

Key idea : many topological
problems can be solved on
the universal cover easier
than on the original
surface.



Homotopy detection

Homotopically trivial
loops are lifted to closed
loops in the covering
space.




Homotopy detection

Homotopically non-trivial
loops are lifted to open
curves in the covering
space.




The Shortest Loop

Given a non-trivial a loop on a surface, write an algorithm that computes a
loop b in the same homotopy class of a such that b is as short as possible.
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The Shortest Loop

Given a non-trivial a loop on a surface, write an algorithm that computes a
loop b in the same homotopy class of a such that b is as short as possible.



The universal cover and the fundamental domain
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Fix a vertex v and loop a
that passes through and
we want to find the
shortest loop homotopic
to a that passes through v.
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p: M — M be a covering map.
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In general let M be the universal covering space of of a surface M and let
p: M — M be a covering map. Then there is a one to one correspondence
between the pre-image of ¢, p~!(q), and the the equivalenc homotopy classes

of loops in M starting at g, w(M, q).
¢:p(q) = m(M,q)

Fix a point §p in p~'(q) for any g in p~'(¢) we can find a path 4 : I — M
connecting go and ¢.



Key ldea

In general let M be the universal covering space of of a surface M and let
p: M — M be a covering map. Then there is a one to one correspondence

between the pre-image of ¢, p~!(q), and the the equivalenc homotopy classes
of loops in M starting at g, w(M, q).

¢:p ' (q) — n(M,q)

Fix a point g in p~'(q) for any g in p~—*(q) we can find a path 4 : I — M
connecting ¢p and ¢i. The projection of v is a loop in M that passes from g.

¢(qr) = [p(Y)]



|dea of the algorithm

Assume that M is the universal cover of M and p : M — M is the projection.
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|dea of the algorithm

Assume that M is the universal cover of M and p : M — M is the projection.
The preimage of the vertex v is the set

p g = {0, U1, ....}

Suppose that v is a non-trivial loops that passes through v. Then we left ~
to the universal cover space of M, v C M such that

8’7 — {@U& t_)k}
Any other loop 7y, that passes through the vertex v and homotopic to v will
also satisty

a:}/l — {607 6k}
And vice versa, any path in the universal cover that connects between vy and
Vi lifts to a loop at v that is homotopic to ~.

The shortest loop though v corresponds to the shortest path connecting v
and vy,.



The shortest loop through a given point

Input : A base vertex v a non-trivial loop v through v on a mesh M
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The shortest loop through a given point

Input : A base vertex v a non-trivial loop v through v on a mesh M
Output: the shortest loop through v and homotopic to ~
1-Compute a finite portion of the universal cover M of M.

2- Compute the preimage of v

p 1 (v) = {vy,v1,....}
3-Lift v to 4 in M such that
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4-Compute the shortest path I' in the universal cover space M

I' = {vg, Uy}

using Dijkstra’s algorithm.



The shortest loop through a given point

Input : A base vertex v a non-trivial loop v through v on a mesh M
Output: the shortest loop through v and homotopic to ~
1-Compute a finite portion of the universal cover M of M.

2- Compute the preimage of v

p 1 (v) = {vy,v1,....}
3-Lift v to 4 in M such that

8’7 — {@Uaﬁk}

4-Compute the shortest path I' in the universal cover space M

I' = {vo, Uk}
using Dijkstra’s algorithm.
5-The projection of the shortest path

' = p(T)
is the shortest loop through v homotopic to y
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Input : A non-trivial loop v on a mesh M
Output: the shortest loop on M homotopic to ~
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The shortest in a given homotopy class

Input : A non-trivial loop v on a mesh M

Output: the shortest loop on M homotopic to ~

For each vertex w on M do
Find the nearest vertex v on -y;
Find the shortest path connecting v and w, denoted as y;
Construct the loop

Fw — 70770_1
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Construct the loop
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Compute the shortest loop through w, homotopic to I'y,
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Compute the shortest loop through w, homotopic to I'y,
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The shortest in a given homotopy class

Input : A non-trivial loop v on a mesh M

Output: the shortest loop on M homotopic to ~

For each vertex w on M do
Find the nearest vertex v on -y;
Find the shortest path connecting v and w, denoted as y;
Construct the loop

Pw — 70770_1

Compute the shortest loop through w, homotopic to I'y,
end
Select the loop with the minimal length

I'=minl',
weM
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